Abstract. In this paper, we give a new minimax theorem and two new existence theorems of solutions for generalized quasi-variational inequalities in H-spaces. Our results improve and develop some famous results.
Preliminaries
In this paper, our subject is to establish a Sion type minimax theorem and two existence theorems of solutions for generalized quasi-variational inequalities. Our results improve and develop some famous results. In order to establish our main results, we first give some concepts and notations.
To begin with we explain the notion of a H-space and some related notions.
Let X be a topological space and F(X) the family of all nonempty finite subsets of X. Let Γ A be a family of nonempty contractible subsets of X indexed by A ∈ F(X) such that Γ A ⊂ Γ A whenever A ⊂ A . The pair (X, {Γ A }) is called a H-space. Given a H-space (X, {Γ A }), a nonempty subset D of X is called H-convex (resp. weak H-convex) if Γ A ⊂ D (resp. D Γ A is nonempty contractible) for each nonempty finite subset A of D. For a nonempty subset K of X, we define the H-convex hull of K, denoted by H − co K as
is H-convex and D ⊃ K}
(see also, [11] [12] [13] ).
In this paper, all topological spaces are assumed to be Hausdorff. Let X be a nonempty set, we denote by 2 X the family of all subsets of X. If A ⊂ X, we shall denote by cl A the closure of A and by int A the interior of A. If A is a nonempty subset of a topological vector space E, we shall denote by co A the convex hull of A and by cl(co A) the closed convex hull of A.
Let X, Y be two topological spaces, T : X → 2 Y a multivalued mapping
(1) T is said to be upper semicontinuous if for each
in y if for each y ∈ Y and each r ∈ R with {x ∈ X :
Obviously, if f (x, y) is lower (upper) semicontinuous in y, then f (x, y) is W -lower (upper) semicontinuous in y. But, the converse is not true.
In the above two examples, both f (x, y) and g(x, y) are W -lower semicontinuous in y, but neither f (x, y) nor g(x, y) are lower semicontinuous in y. Moreover, if T has open lower sections, then T has local intersection property.
A family {D α : α ∈ I} of some subsets of a topological space X is called closed (resp. open) transfer complete if x ∈ X such that x / ∈ D α 0 (resp. x ∈ D α 0 ) for some α 0 ∈ I, then there exists α ∈ I such that x / ∈ cl(D α ) (resp. x ∈ int(D α )). Obviously, if {D α : α ∈ I} is a family of some closed (resp. open) subsets of X, then it is closed (resp. open) transfer complete. But, the converse is not true.
A multivalued mapping T : Y → 2 X is said to be transfer closed valued if the family {T (y) : y ∈ Y } is closed transfer complete.
Let X, Y be two sets and A a nonempty subset of X × Y . For each x ∈ X and each y ∈ Y , we denote 
and S has nonempty values on each nonempty compact subset of Y , (iv) S has local intersection property. Then there exists a point x 0 ∈ X and a point y 0 ∈ Y such that x 0 ∈ T (y 0 ) and y 0 ∈ F (x 0 ).
Proof. By Theorem 2.2 of [28], there exists a continuous selection
where g : ∆ n → Y and ψ : K → ∆ n are continuous mappings, n is some positive integer and ∆ n is the standard n-dimensional simplex. Since ∆ n is compact and
. This completes the proof. Now, we shall prove the following minimax theorem and existence theorems of solutions for generalized quasi-variational inequalities. 
then there exist real numbers α, β such that
and g(·, y) is H-quasiconvex. Consequently, for each y ∈ Y , the set {x ∈ X : g(x, y) < β} = ∅, and hence there is a point x ∈ X such that
Consequently, for each x ∈ X, the set {y ∈ Y : f (x, y) > α} = ∅, and hence there exists a point y ∈ Y such that
It shows that the mapping G : X → 2 Y has local intersection property.
By virtue of Lemma 1, there exist a point x 0 ∈ X and a point y 0 ∈ Y such that x 0 ∈ T (y 0 ) and y 0 ∈ F (x 0 [26] to H-spaces, but also weakens upper semicontinuity and lower semicontinuity conditions. Moreover, Theorem 2 is different from the minimax theorems in [3] , [4] , [9] , [16] [17] [18] and [23] .
In order to research the existence of solutions for generalized quasivariational inequalities, we give the following lemmas: 
for each x ∈ X, F (x) is transfer closed valued, (iv) G has local intersection property and G(x) is nonempty H-convex for all x ∈ X, then x∈X F (x) = ∅. Remark 2. Lemma 4 is different from other H-KKM-type theorems (see also, [10] [11] [12] [13] ). The following we apply it to study quasi-variational inequalities. 
then there exist a pointx ∈ X and a pointȳ ∈ T (x) such that
Proof. First, we prove that there exists a pointx ∈ X such that
If this conclusion is false, then for each u ∈ X, there a point z ∈ X such that sup
Hence there is a real number such that
Consequently, for each v ∈ Γ A and each w ∈ T (u), by (i), 
is open. By Corollary 2.3 in [28] , there exists a pointū ∈ X such that u ∈ S(ū), i.e. sup w∈T (ū) ϕ(ū, w,ū) < 0. It contradicts (iii). Therefore, there exists a pointx ∈ X such that
By (iv) and the compactness of T (x), for each x ∈ X, there exists a point 
is open in X (and hence G has local intersection property) and 
Then S, H : X → 2 X are two multivalued mappings with S(x) ⊂ H(x) for all x ∈ X by (iv). Since ϕ(z, y) is H-quasiconvex in z, the set
Consequently, for each α ∈ I, there exists a point Remark 4. Theorem 6 improves and develops Theorem 5.7.1 of [5] .
